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Abstract

Manifold learning has become an important tool to char-

acterize high-dimensional data that vary nonlinearly due 0
to a few parameters. Applications to the analysis of medi- v O )‘,
cal imagery and human motion patterns have been success- 5dy '1 " V‘%

/ ! St OB 9
ful despite the lack of effective tools to parameterizeicycl "}9.".!54;'%..‘%
data sets. This paper offers an initial approach to this prob "",’ﬁ”)‘}")‘"‘.‘ra
lem, and provides for a minimal parameterization of points h"&dﬂ%ﬁ!‘k / X
that are drawn from cylindrical manifolds—data whose (un- - o

known) generative model includes a cyclic and a non-cyclic

parameter. Solving for this special case is important for Figure 1.Minimal cylindrical embedding. Point sets that are
a number of current, practical applications and provides a isometric to a cylinder have one cyclic and one linear intrinsic di-
start toward a general approach to cyclic manifolds. We of- mension ¢ andz). This paper offers an algorithm to embed the

fer results on synthetic and real data sets and illustrate an ©riginal 3D point set (left) into 2D (right) so that the x-axis corre-
application to de-noising cardiac ultrasound images. sponds to the cyclic dimension and the y-axis corresponds to the
linear dimension.

1. Introduction ous NLDR techniques—including Isomap [12], LLE [10],

Many complex image sets can be characterized by aHessian LLE[[2], SDE [14], and Laplacian eigenmaps [1]
small number of simple variations. For such images, dimen- have been developed and used successfully for a wide range
sionality reduction techniques are often able to find a low ©f applications.
dimensional representation of the data, which can be bene- However, these algorithms are not designed to handle
ficial to many vision tasks. However, finding cyclic parame- manifolds with cyclic topologies. Because they embed into
terizations poses a problem for current algorithms. This pa Euclidean space, they are unable to find parameterizations
per addresses this problem, considering the case when onthat correspond to the underlying degrees of freedom while
of the underlying variations is cyclic. simultaneously preserving the topology of the manifold.

In the context of dimensionality reduction, an im- Thisisa limitation of traditional NLDR techniques, becaus
age is commonly represented as a point in a very high-many natural image sets have cyclic variations, such as a
dimensional space, where each coordinate corresponds to Berson walking, a heart beating, or an object rotating.
single pixel value. If a set of images changes by some small In this work we restrict our focus to cylindrical image
number of continuous variations, the images will lie on a manifolds—image sets which vary by one cyclic and one
low dimensional manifold in this high dimensional space. acyclic parameter (Figure 1). We present two novel con-
A number of techniques exist for parameterizing such mani- tributions that exploit properties of cylindrical manidislin
folds. If the underlying manifold is or approximates a linea order to find good parameterizations. The first is a direct
subspace of the original image space, traditional linedn-te  method for creating a minimal parameterization for data
nigues such as PCA [6] or ICA [5] yield effective parame- sets sampled from manifolds isometric to right cylindrical
terizations. In the more general case, where the underlyingmanifolds. The second is an algorithm for transforming
manifold is not linear, this problem is known as nonlinear data with general cylindrical topology to a right cylinder.
dimensionality reduction (NLDR). In recent years, numer- Combined, these methods allow us to apply our cylindrical



embedding to a broad class of real-world cylindrical mani- proach, discussed in more detail in Section 3.1, tears the
folds. We characterize our performance versus the alterna-manifold, changing its topology from cyclic to Euclidean.
tive approaches to parameterizing cylindrical data aneroff This allows the points to be embedded into Euclidean space;
parameterization results for a number of synthetic and nat-however, it discards all of the cyclic information containe
ural data sets. Finally, we apply this technique to cardiac in the graph in the process.

ultrasound images to reduce image noise. In this work, we consider the case of cylindrical mani-
folds and present an algorithm that provides an explicit pa-
1.1. Related Work rameterization of the cyclic and linear axes. In addition,

we provide a method for correcting cylindrical distortions

Recently, a number of algorithms have been developed . .
common in image manifolds.

that parameterize data according to its underlying mani-
fold structure. In general, these algorithms attempt to find o ) )
global coordinates in a low-dimensional space that pre- 2. Cylindrical Manifold Embedding
serve some aspect of the local relationships in the original . : . s
. ; . . ; In this work, we restrict our attention to cylindrical
high-dimensional space. Isomap substitutes approximate _ . : . L
L . ) manifolds, which can be parameterized by two intrinsic
geodesic distances along the manifold for the Euclidean ,. . . . ] .
. ) . S . . dimensions—one cyclic and one linear. We define the cylin-
distance matrix used in multidimensional scaling. LLE at- . . C i
. . drical embedding objective as follows:
tempts to represent the manifold locally by reconstructing
each image as a weighted combination of its neighbors.
SDE uses semidefinite programming to solve for a kernel
matrix, which is then used to find an isometric embedding.
These algorithms, among others, have been successfully ap-
plied to a number of common problems, including classifi-
cation, segmentation, and tracking. However, these algo-
rithms can only find Euclidean parameterizations and are
not intended to provide cyclic parameterizations. Because
cyclic phenomena are common in natural images, a number
of methods for extending these algorithms to cyclic mani-
folds have been proposed.
One approach is to embed the points with an additional
dimension; however, extra work is then required to extract

meaningful parameters. For example, in [15] points from In the remainder of this paper we present a method for

a spherical topology were embedded into three dlmenS'onSﬁnding an embedding function j#/ is isometric to a right

where a sphere could then be fit to them. The sphere coor-_. S . . :

. . . circular cylindrical manifold (which we define geerfec),
dinates were then used to assign a 2D parameterization tQ ) S
the original data and a set of procedures for transforming general cylintrica

A large body of literature exists within the graphics com- manifolds into perfect cylinders, which allows us to param-

munity to parameterize points sets and meshes in 3D. Theseeterlze natural image sets.

algorithms address different problems; the closest ai@ alg ) )
rithms for automatically classifying surface topology eas 3. Embedding Perfect Cylinders
on geodesic distances [3], provide conformal mappings of
points with a known mesh structure in 3D [4], or generate a
mesh of non-zero genus from a 3D point cloud [13]. None
of these is immediately qdapt_able 1o separate the linear an f the cylindrical structure of the manifold to distinguish
cyclic parameters of a_h|gh—d|men_3|ongl data_ set. between the cyclic and linear axes.
One approach designed for high-dimensional data sets
is non-flat MDS[9], which explicitly considers the case of :
embedding cyclic data. This algorithm embeds cyclic and 3.1. Cycle Cutting
linear dimensions independently, but it requires usertinpu  One approach to embedding cyclic data is to mod-
to indicate which parameter causes the most variance, andfy the neighborhood graph to convert its topology from
it fails if the difference in the variances of the dimensias cyclic to Euclidean. The resulting graph can then
small. be embedded using a number of NLDR algorithms.
An alternative to these methods is to modify the distance In [8, [7], the authors present a procedure for cut-
graph to eliminate non-contractible cycles [8, 7]. This ap- ting cyclic manifolds to remove non-contractible cycles.

Given a set of pointsX = {Xi,...,X,} C
RP assume there exists a set of unknown in-
trinsic cyclic coordinated. = {Ly,...,L,} C

S! x R! and an image generating function
G:S' xR - RP such thatX; = G(L;).
The objective is to find an embedding function
E:RP — S' x R from the given pointsX to

an embedding” = {Y3,...,Y,} € St x R!
such that there is a one-to-one correspondence be-
tween dimensions of and dimensions of.. We
assumeD > 2, hence the points itX lie on an
cylindrical manifold M in RP.

Given a set of images drawn fromt, which is isomet-
ric to a perfect cylinder, our goal is to extract an explicit
ylindrical parameterization. Our approach takes adgmnta
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Figure 2.Constructing the cut-clone-cut graph. (a) The orig- Figure 3.Geodesic cycles(a) The geodesic cycle for a vertex is
inal graph with cut edges highlighted (red). (b) The combined the shortest path from the point (filled circle) to its clone (open cir-
graph connecting the original graph and its clone using cut edges.cle) in the cut-clone-cut graph. (b) This corresponds to the shortest
Running the cut algorithm on the combined graph creates the cut-non-contractible path around the cylinder from a given vertex.
combined graph. (c) The cut-clone-cut graph embedded into 2D
(original points denoted with filled circles).

G. including both copies,G. = (V UV’ ,E U E').

) ) . We then modifyG. as follows:
This procedure, which we call theut algorithm, takes a

graph,&, and performs the following: For each edgév;, v;) € E;

. . ! /

1. construct a shortest path trée,overG, Remove(v;, v;) and(vj, vj)
. ) Add (v;,v’) and (v}, v;
2. iteratively add tdl” all edges that do not create chord- (v, v5) (v, v5)

less cycles longer than a user-specified threshold By performing this operation on each edgefiy, we

3. terminate when no additional edges can be added ~ connect the two graphs in a manner that preserves the all
of the geodesic relationships between the points (see Fig-
The resulting graph is a sub-graph@fn which a setof ~ ure/2(b)). This combined graphs., still has a cylindrical
edges has been removed to eliminate geodesic cycles. topology, so before it can be embedded into 2D we must cut
By performing this procedure on a cylindrical manifold, @ second time. Because the graph is redundant, no distance
the points can be effectively embedded in 2D; however, in- information is lost in this operation.
terpreting this parameterization is problematic. Thengois Cutting G, yields a graph7.. (see Figure 2(c)), which
reliable mechanism for distinguishing cyclic and lineaesx  has the following useful properties. First, the graph has
in the embedded space because the cutting algorithm disa planar topology, which can be embedded in two dimen-
cards all cyclic information. The next section presents a sions. Second, it provides a method for finding geodesic
method for transforming the neighborhood graph to a pla- cycles, the shortest non-contractible cycle through argive
nar topology while retaining the cyclic information. This point. In G,., the geodesic cycle through a given point is
approach is based on the idea that cyclic information can bethe shortest path between the point and its clone (see Figure

represented by a repetition of the original points. 3(a)).
In a right cylindrical manifold, all geodesic cycles are

3.2. Cut-Clone-Cut Procedure parallel to the cyclic axis of the intrinsic parameterinati

Given a distance matrixD, we begin by construct- We_ exploit th|s_ property n t_he followmg emb_eddmg_step
. . : to find an explicit parameterization of the cyclic and linear
ing a neighborhood graplix = (V,E) with a vertex axes
for each point and edges between each point and: its '
nearest neighbors. We then use the cut algorithm, de- : o -
scribed in Section 311, to identify a set of edgds,, 3.3. Recovering Minimal Parameterizations
which, when removed, conver® from a cylindrical to The cut-clone-cut graplty.., is then embedded into 2D

a planar topology (see Figure 2(a)). Next, we clone the using Isomap to create an intermediate embedding. This
original verticesV’ and edgesE’, and makes a graph embedding is not necessarily aligned with the intrinsic pa-
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Figure 4.Cylindrical embedding of a right cylinder. (a) The
cylindrical embedding generated by the cut-clone-cut procedure
and (b) a comparison of the embedding to the known intrinsic co-
ordinates. The linear axes of the embedded and intrinsic coordi-
nates are highly correlated, as are the cyclic coordinates.
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rameter axes. However, we can define a cyclic and a linear T
axis by rotating the embedding to a new basis as follows. Cyeiec Intinsic Parameters
We define aycle vectotto be the vector from a vertex to (b) Radial-distortion reduced

its clone in the intermediate embedding. These vectors ap-Figure 5.Cylindrical embedding of a cone.(left) The cylindrical
proximate continuous geodesic cycles around the cylinderembedding generated by (a) the cut-clone-cut procedure and (b)
and should therefore be parallel to the cyclic axis. Basedthe cut-clone-cut procedure with radial-distortion reduced. (right)
on this, we define the cyclic axis to be the mean cycle vec- Coordinates from the embeddings compared to known intrinsic co-
tor and the linear axis to be perpendicular to the cyclic.axis o.rdina‘tes..ln €) there.is correlatioq between all coordinate.s. After
Projecting the intermediate embedding onto these new axedistortion is reduced in (b), there is a one-to-one correlation be-
creates the aligned embedding. tween the intrinsic and embedded coordinates.

The final coordinates are found by subtracting the mean
from the aligned embedding, and, for each point, using the bedding from non-perfect (distorted) cylindrical mandsl
coordinates of its clone or original (choosing the closer to  The first type of distortiomadial distortion, can be visu-
the y-axis). Note that this allows our algorithm to handle alized in 3D as changing the radius of the circle as it sweeps
cases in which the initial cut is not straight. The coordi- along the central axis of the cylinder. The second typél
nates are then rescaled so that the cyclic period (defined bydistortion, can be visualized as bending of the central axis.
the mean cyclic vector magnitude)ds and the linear co-  Examples of simple image sets that illustrate these distor-

ordinates range frorj, 1]. tions are given in Figure|6; examples of natural image sets
with both types of distortion are given in Section 5.
3.4. Cut-Clone-Cut Results These methods for reducing distortion operate by re-

_ o ) ) scaling edge distances in tli¢.. graph computed in the
Given a set of points isometric to a perfect cylinder, the .t-clone-cut procedure. The final embedding and axis-

results in Figure 4 show that there is a one-to-one correla-gjignment discussed in Section 3.3 is performed after these
tion between intrinsic and the embedded coordinates out-yqdifications toF,.

put by the cut-clone-cut algorithm. However, given asetof  pyoperties of geodesic cycles on perfect cylinders are
points sampled from a non-perfect cylindrical manifold (a ,geqd to guide updates to edge lengths. The goal is to mod-
truncated cone shown in Figure 6(b)), the results in Figure ify (7 so that geodesic cycles i@ have the same prop-

show that the intrinsic and embedded coordinates dogties as geodesic cycles on a perfect cylinder. To help
not correlate one-to-one. Distorted cylinders such as thispreserve relative neighborhood structure we do not rescale
are common in natural image sets; we present a solution tGsqge lengths independently. Instead we use a vertex-gcalin

this problem in the following section. framework in which each vertex has a scale factor. Each
_ _ ) edge is rescaled by the average scale factor of its vertices.
4. Embedding Distorted Cylinders The iterative vertex-scaling framework used by each dis-

i i i , __ tortion reduction procedure consists of iterations of tile f
In this section we define two common types of distortion lowing:

found in cylindrical image manifolds, describe an iterativ
procedure that modifies image distances to reduce this dis- 1. Determine prospective edge lengthskFor each edge
tortion and use this procedure to recover a cylindrical em- (u, v) with lengthd(u, v) in the graphG = (V, E), de-
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Figure 6.Simple cylindrical image manifolds. The top fig-

ures represent image sets with one cyclic and one linear intrinsic
parameter—each dimension designated by an arrow. Differences
in the image generating function result in different manifolds in
image space. The revolving and translating circle in (a) generates
an image set that is isometric to a perfect cylinder. The rotating
circle with variable radius (b) generates a cone because image dis-
tances are greater when the circle is larger. The circle moving as
in example (a) against a variable background (c) generates a bent
cylinder because image distances are greater when the circle is

d(u,v) for use in the iterative vertex-scaling framework is
as follows:

4.1. Reducing Radial Distortion

On a perfect cylinder, all geodesic cycles are equal

length. We approximate this property by iteratively mod-
ifying edge lengths until all geodesic cycles in the nearest
neighbor grapltz are approximately equal length.

The method for determining prospective edge lengths

1. Extract geodesic cycles from the cut-clone-cut
graph. Let C be the set of geodesic cycles@hand
let |¢*| be the length of the longest cyaté € C.

2. Determine prospective edge lengths.Observe that
geodesic cycle can be made as long a% by setting
edge lengths as follows:

over lighter regions.

termine a prospective Iengtﬂu, v). The prospective

lengths depend on the type of distortion being reduced

and will be detailed later.

. Solve for vertex scale factorsEach edge contributes
a constraint of the form:

d(’l’;v U) = CZ(’LL,’U), 1)

wheres,,, s,, are the unknownertex scale factors

(8u + 80)

(@) Using Equation 1, form thigZ| x |V/| sparse ma-
trix A such that the-th row, which corresponds
to edge(u, v), has two non-zero entries:

d(u,v)
5
Let the column vectoR be defined as:

Vie{l,...,|E|}, Ri = d(u,v)

= ai,v =

(b) Solve for the set of vertex scale factofs =
(s1,-.-, sn)T, that minimizes the squared resid-
ual error of the following linear system:

AS =R.

3. Update edge lengthsUpdateG.. using the the vertex
scale factors$ to calculate new edge lengths. The new
edge lengths are the entries4b.

Iteration continues until vertex scale factors stabiline;
our experiments, this is typically four or five iterations.

We now describe the method for determining prospective
edge lengths for both types of distortion.

Then, the prospective length for each edgev) is:

&)

d(u,v) = max de(u,v).

If we ignore vertex scaling, choosinﬁu,v) by Equa-
tion[2 causes the shortest geodesic cycle to become as long
as the previous longest geodesic cycle. However, at each it-
eration many geodesic cycles lengthen—even the longest—
because they often share edges with shorter geodesic cycles

We apply radial-distortion reduction to the truncated-
cone point set from Section 3.4. This results in an explicit
cylindrical embedding, with good correlation between the
intrinsic and embedded coordinates, as illustrated inrgigu
5(b).

4.2. Reducing Axial Distortion

On a perfect cylinder all geodesic cycles are parallel—
the length of the shortest path from each point on one cy-
cle to the nearest on another is the same. In the nearest-
neighbor graplG, we approximate this property by modi-
fying lengths of edges on shortest paths between each the
geodesic cycles.

The method for determining prospective edge lengths,
based on the parallel geodesic-cycle objective, is asiistio

1. Extract geodesic nearest neighbord_et C' be the set
of geodesic cycles id:. Define the geodesic nearest
neighbors for a pair of geodesic cycleésV € C; U #

V as a set

Quyv = {(ui,v;) | u; € Usv; € V}

such that for each paiw;, v;) u; is the closest vertex
to v; and vice-versa.



2. Define UV prospective edge lengths.Define uy v

8825 8520
to be the average length of the shortest paths between ;'-':é';;go%)%?‘%o
the pairs of vertices i)y . Using this notation, if .a_‘:..‘.-...og%‘;’;;ff’

two geodesics cycleS, V' are parallel theiv(u, v) €
Qu,v, d(u,v) = py,v.
Observe that we can make geodesic cy€lek paral-

lel by setting edge lengths so that all shortest paths are
equal length. For a pair of verticé€s;,v;) € Qu,v,
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wheres is the number of non-zero vaIuesd}f,V(u, v)
for all pairs of geodesic cycleS, V' € C such that
U#V.

(c) Axial-distortion reduced
Figure 7.Cut-clone-cut embedding of a half-torus.(left) Scatter
plots of the cylindrical embeddings generated by (a) cutting the
cylinder, (b) the cut-clone-cut procedure, and (c) axial distortion
Results of applying this algorithm to a cylinder with ax- reduction. (right) Coordinates from the embeddings compared to
ial distortion (a half-torus) are shown in Figure 7. known intrinsic coordinates.

5. Results Statue image set This data set consists of multiple views
. . . of a rigid object, used previously to illustrate the “non-
In this sectlpn, we shov_v the result§ of our algﬂqnthm, flat” embedding procedure [9]. The object was placed on
compared against the cyclic cut described in Sectio 3'1‘a turntable and rotated 360 degrees, and the camera was

the 2D If‘omap glmtt)lleddlng andlthe kdnown |Ir1tr|qsr:c pararrr:— mounted to a rotating arm which covered a 48 degree range
fe(;ﬁgivi(:\v ﬁ:aava' at €). We evaluated our algorithm on t €of elevations. Samples were taken uniformly in 6 degree
9 ge sets. increments, resulting in a total of 480 images. The scene

has two underlying degrees of freedom; the table rotation is

‘Rice’ image set The ‘rice’ image set consists of 10,000 cyclic and the camera elevation is linear, thus the undaglyi

syntheticl6 x 16 intensity images with two intrinsic param- IMmage manifold is cylindrical. -~ .
eters (rotation and translation of the grain), and was previ  Despite regular sampling, distortions in the graph exist
ously used to test algorithms for cyclic data sets [8]. Vec- th.at cause the embedding to _not be perfectly cylindrical.
tor quantization is applied in image space to reduce the im_Dlstqrtlons result because the |mage_d|fferences caused by
age set to 300 images. This image set has significant axiafCtation depend on the camera elevation.

distortion because the distance between two images due to

translation depends upon the angle of the grain—there is aDrill image set This data set consists of 76 images of a
greater distance when the long axis of the grain is perpen-rotating drill. As the drill turns, wood shavings gradually
dicular to the translation. accumulate. The phase of the rotation and the amount of
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Figure 8.Cylindrical embeddings of natural image sets.In these plots, the underlying coordinates are divided into an evenlgd@pac
grid, and the image closest to the center of each grid cell is shown. WheRrpéicit cylindrical parameterization is known, the x-axis
represents the cyclic coordinate and the y-axis represents the linaafirditrow shows the ‘rice’ image set. The second row shows the
statue image set. The third row shows the drill image set. In each examplerathod successfully recovers a parameterization that
distinguishes between the cyclic and non-cyclic variations in the scenecaghthe other parameterizations often combine the two.
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Figure 9. Noise reduction in cardiac ultrasound. This figure shows six frames from a cardiac ultrasound video of the\afla beating
heart. The top row shows six original images, the second row showsdh#s of temporal averaging. The third row shows the results of
finding the 10 most similar images, performing translational alignmentdtieraging, and the final column shows the results of finding the
10 images with the most similar cyclic parameter, performing translatidigainaent then averaging. This shows the most improvement
during frames 7, 9, and 11, where there is significant motion. Usindgfalduparameters to average images that do not introduce motion
blur results in improved image sharpness over naive averaging df\ngaages.



